Department of Mathematics ;
MTL 106 (Introduction to Probability Theory and Stochastic Processes)
Major Test (17 Semester 2015 - 2016)
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Time allowed; 2 hours Max. Marks: 50

L

Let X be a random variable with Poisson distribution with parameter A, Show that the rj;frar;terw
Iatic function of X ia px(t) = ezxp [)\(c“ = 1)]' Hence, compute E(X?), Var(X ) and E(X?).

(24 141+ I marks)

. Let X be a random variable with pdf

0, %<0
flzy=4 4, 0<z<1

g’z—,, 1<z <oo ™
IFFind the pdf of the random variable ¥ = % NS (4 marka)

, o
+ Let X and Y be iid random variables each having uniform distrih‘qtic;r/an the interval (6 -0.5,6 +

0.5). Find the pdf of X -V, A el (4 rualks)

. Let X,Y,Z be independent exponential distributed raﬁdqm\vpﬁ%lm with parameters Ay, v re-

spectively. Find P(X <Y < Z). ( ‘\S\.J
2 ’/# (4 marks)
(a) Define stochastic process. (7\

(b) Write two NOT stochaatic processes frg'ﬁ{ t;b}féil(ming list: (i) Poisson process (ii) Wiener pro-
cess (iii) Ornstein-Uhlenbeck proce:;:ﬂ.i(ia«r)j Levy process (v) Kolmogorov process {+i) Dirichlet
process (vii) Markov process (viii) @ng process (ix) Galton-Watson process (x) Cox process

(2 + 2 marks)

in state ¢, i > 0, the next‘gtate. ually likely to be any of the states 0,1,...,i - 1.

. Consider a DTMC with s m@% 3, 4. Suppose py 4 = 1; and suppose that when the chzin s

/ %
(a) Discuss the n t&?‘e.,of the states of this Markov chain. (3 marks)
(b) Discuss whethet‘agb re exist a limiting distribution and find one if it exists.

(2 + 2 maris)

. Consider a gambler who at each play of the game has probability p of winningz one unit and

probability ¢ = 1 — p of losing one unit. Assume that successive plays of the game are independent.
Suppose the gambler’s fortune is presently , and suppose that we kmow that the gambler’s fortume
will eventually reach N (before it goes to 0). Given this information, show that the probability he
wins the next game is
p[l_(q!p\l"'l[ o l
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8. Consider the random telegraph signal, denoted by X(t), jumps between two stutes,. .-1 and 1,
according to the following rules. At time ¢ = 0, the signal X (¢) start with equal probabxh.ty for the
two states, i.e., P(X(0) = ~1) = P(X(0) = 1) = 1/2, and let the switching times be c'iec1ded by a
Poisson process {N(t),t > 0} with parameter ) independent of X (0). At time ¢, the signal

X(t) = X0)(-1)N ¢ > 0.
Write the KKolmogorov forward cquntions\ for the continuous time Markov chain {X(¢),t > 0}. Find
the time-dependent probability distribution of X (t) for any time ¢.
(2 + 3 marks)

9. Let X (t) be the number of bacteria in a colony at time ¢. Evolution of the population is described
by the time that each of the individuals takes for division in two, independently of the other bacteria
and the life time of each bacterium also independent. Assume that, time for division is exponential

 distribution with rate A and life time of each bacterium is also expoxti { "jtribution with rate

di
#. Without loss of generality, assume that {X(t),t > 0} is modeled \Q; h”and death process.
(a) Discuss the equilibrium probability distribution of the proe{sl'an /
(b) Prove that, @53@ = (A = p)M(t) where M(t) denotes tHe\medh-tumber of bacteria at time £.

(c) Discuss M(t) as t — oo. Q)
% (2 + 3 + 1 marks)

@
10. (a) Describe M/M/1 queuing model. ""‘5\»’
(b) Derive the expression for the distributi(}{éﬂiﬁ_ix‘ne spend in the system by any customer.
(c) Deduce the mean waiting time from @:‘@,u dve distribution. s

Qj) (2 + 3 + 1 marks)
Y
QZ)
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